We consider the 2D Hubbard model on the honeycomb lattice, as a model for a single layer graphene sheet in the presence of screened Coulomb interactions. At half filling and weak enough coupling, we compute the free energy, the ground state energy and we construct the correlation functions up to zero temperature in terms of convergent series; analiticity is proved by making use of constructive fermionic renormalization group methods. We show that the interaction produces a modification of the Fermi velocity and of the wave function renormalization without changing the asymptotic infrared properties of the model with respect to the unperturbed non-interacting case; this rules out the possibility of superconducting or magnetic instabilities in the ground state. We also prove that the correlations verify a Ward Identity similar to the one for massless Dirac fermions, up to asymptotically negligible corrections and a renormalization of the charge velocity.
I. INTRODUCTION
The recent experimental realization of a monocrystalline graphitic film, known as graphene [20] , revived the interest in the low temperature physics of two-dimensional electron systems on the honeycomb lattice, which is the typical underlying structure displayed by single-layer graphene sheets. Graphene is quite different from most conventional quasi-two dimensional electron gases, because of the peculiar quasi-particles dispersion relation, which closely resembles the one of massless Dirac fermions in 2 + 1 dimensions. This was already pointed out in [25] and further exploited in [24] , where the analogy between graphene and 2 + 1-dimensional quantum electrodynamics (QED) was made explicit, and used to predict a condensed-matter analogue of the axial anomaly in QED. From this point of view, graphene can be considered as a sort of testing bench to investigate the properties of infrared QED in 2 + 1 dimensions. Recently, the experimental observation of graphene greatly enhanced the study of the anomalous effects induced by the pseudo-relativistic dispersion relation of its quasi particles, see [6] for an up-to-date description of the state of art. Among the most unusual and exciting phenomena displayed by graphene, and already experimentally observed, let us mention the anomalous integer quantum Hall effect and the insensitivity to localization effects generated by disorder. It is reasonable to guess that the unique properties of graphene will have in the next few years several important applications in condensed matter and in nano-technologies.
The main reason behind these anomalous effects lies in the geometry of the Fermi surface, which at half filling is not given by a curve, as in usual 2D Fermi systems, but is completely degenerate: it consists of two isolated points, as in one dimensional Fermi systems. From a theoretical point of view, this fact completely changes the infrared scaling properties of the propagator. It has been pointed out, see for instance [11] and references therein, that, in the case of short-range electron-electron interactions, all the operators with four or more fermionic fields are irrelevant in a Renormalization Group (RG) sense; this suggests that the interaction should not affect too much the asymptotic behavior of the model, at least at small coupling. It should be remarked however that such RG analyses were performed only at a perturbative level, without any control on the convergence of the expansion, and directly in the relativistic approximation, consisting in replacing the actual dispersion relation by its linear approximation around the singularity; such approximation implies in particular the validity of a continuous Lorentz U (1) symmetry that is not present in the original model.
Aim of this paper is to present the first rigorous construction of the low temperature and ground state properties of the 2D Hubbard model on the honeycomb lattice with weak local interactions; this is achieved by rewriting the correlation functions in terms of resummed series, convergent uniformly in the temperature up to zero temperature, as we prove by making use of constructive fermionic renormalization group. We show that indeed the interaction does not change the asymptotic infrared properties of the model with respect to the unperturbed non-interacting case, but it produces a renormalization of the Fermi velocity and of the wave function (note that no renormalization of the Fermi surface would be present in the relativistic approximation). Our result rules out the presence of superconducting or magnetic instabilities at weak coupling; this is in striking contrast with the Hubbard model on the square lattice, where quantum instabilities (corresponding to the magnetic or superconducting long range order that are presumably present in the ground state) prevent the convergence of the perturbative expansion in U for low enough temperatures. We also prove that indeed the 2D Hubbard model on a honeycomb lattice is asymptotically described by a QED 2+1 in the presence of an ultraviolet cutoff, massive "photons" and massless electrons; however the bare parameters of the QED theory must be carefully chosen to include lattice effects.
II. THE MODEL AND THE MAIN RESULTS

A. The model
The grandcanonical Hamiltonian of the 2D Hubbard model on the honeycomb lattice at half filling in second quantized form is given by: 5. U is the strength of the on-site density-density interaction; it can be either positive or negative.
Note that the Hamiltonian (2.1) is hole-particle symmetric, i.e., it is invariant under the exchange a ) the total particle number operator and · β,Λ = Tr{e −βHΛ ·}/Tr{e −βHΛ } the average with respect to the (grandcanonical) Gibbs measure at inverse temperature β, one has ρ ≡ 1, for any |Λ| and any β. We also recall that a theorem [15] guarantees that at half filling the ground state of (2.1) is unique and its total spin is equal to zero.
Our goal is to characterize the low and zero temperature properties of the system described by (2.1), by computing thermodynamic functions (e.g., specific free energy and specific ground state energy) and a complete set of correlations at low or zero temperatures. To this purpose it is convenient to introduce the notions of specific free energy where: x i ∈ [0, β] × Λ, σ i =↑↓, ε i = ±, ρ i = 1, 2 and T is the operator of fermionic time ordering, acting on a product of fermionic fields as:
x1,σ1,ρ1 · · · Ψ εn xn,σn,ρn ) = (−1) π Ψ ε π (1) x π(1) ,σ π(1) ,ρ π(1) · · · Ψ ε π(n) x π(n) ,σ π(n) ,ρ π(n) (2.5) where π is a permutation of {1, . . . , n}, chosen in such a way that x π(1)0 ≥ · · · ≥ x π(n)0 , and (−1) π is its sign. [If some of the time coordinates are equal each other, the arbitrariness of the definition is solved by ordering each set of operators with the same time coordinate so that creation operators precede the annihilation operators.]
Taking the limit Λ → ∞ in (2.4) we get the finite temperature n-point Schwinger functions, denoted by S β n (x 1 , ε 1 , σ 1 , ρ 1 ; . . . ; x n , ε n , σ n , ρ n ), which describe the properties of the infinite volume system at finite temperature. Taking the β → ∞ limit of the finite temperature Schwinger functions, we get the zero temperature Schwinger functions, simply denoted by S n (x 1 , ε 1 , σ 1 , ρ 1 ; . . . ; x n , ε n , σ n , ρ n ), which describe the properties of the ground state of (2.1) in the thermodynamic limit (note that in this case, by the uniqueness of the ground state proved in [16] , the infinite volume and zero temperature limits commute).
B. The non interacting case
In the non-interacting case U = 0 the Schwinger functions of any order n can be exactly computed as linear combinations of products of two-point Schwinger functions, via the wellknown Wick rule. The two-point Schwinger function itself, also called the free propagator, for x = y and x − y = (±β, 0), is equal to (see Appendix A for details):
where:
are a basis of the dual lattice Λ * ;
2 k 2 ; its modulus |v( k)| is the dispersion relation, given by
At x = y or x − y = (±β, 0), the free propagator has a jump discontinuity, see discussion at the end of Appendix A. Note that S
0 (x 0 , x), and that its Fourier transformŜ
We shall refer to this last property by saying that the inverse temperature β acts as an infrared cutoff for our theory.
If we take β, L → ∞, the limiting propagatorŜ 0 (k) becomes singular at {k 0 = 0}×{ k = p ± F }, where
are the Fermi points (also called Dirac points, for an analogy with massive QED 2+1 that will become clearer below). Note that the asymptotic behavior of v( k) close to the Fermi points is given by v( p
. In particular, if ω = ±, the Fourier transform of the 2-point Schwinger function close to the Fermi point p ω F can be rewritten in the form:
where Z 0 = 1 is the free wave function renormalization and v (0)
for small values of k ′ and for some positive constant C.
C. The interacting case
We are now interested in what happens by adding a local interaction. In the case U = 0, the Schwinger functions are not exactly computable anymore. It is well-known that they can be written as formal power series in U , constructed in terms of Feynmann diagrams, using as free propagator the function S 0 (x) in (2.6). Our main result consists in a proof of convergence of this formal expansion for U small enough, after the implementation of suitable resummations of the original power series. Our main result can be described as follows. (2.8) , and, close to the singularities, if ω = ±, it can be written aŝ
is singular only at the Fermi points
10)
, and with Z and v F two real constants such that
where a and b are non-vanishing constants. Moreover the matrix R(k ′ ) satisfies ||R(k ′ )|| ≤ C|k ′ | ϑ for some constants C, ϑ > 0 and for |k ′ | small enough.
Remarks. 1) Theorem 1 says that the location of the singularity does not change in the presence of interaction; on the contrary, the wave function renormalization and Fermi velocity are modified by the interaction. Note also that, in the presence of the interaction, the Fermi velocity remains the same in the two coordinate direction even though the model does not display 90 o discrete rotational symmetry, but rather a 120 o rotational symmetry.
2) The resulting theory is not quasi-free: the Wick rule is not valid anymore in the presence of interactions. However, the long distance asymptotics of the higher order Schwinger functions can be estimated by the same methods used to prove Theorem 1, and it is the same suggested by the Wick rule.
3) The fact that the interacting correlations decay as in the non-interacting case implies in particular the absence of long range order at zero temperature, e.g., the absence of Néel order in the ground state at weak coupling. In fact, as a corollary of our construction, we find: 12) where, if x ∈ Λ, the spin operator S x is defined as:
Note that it is well known that the ground state has zero total spin [16] , however existence of Néel order was neither proven nor ruled out by the results in [16] . 4) Similarly to what remarked in the previous item, one can exclude the existence of superconducting long range order: the Cooper pairs correlations decay to zero at infinity at least as fast as the spin-spin correlations in (2.12). 5) Our analysis can be extended in a straightforward way to the case of exponentially decaying interactions (instead of local interactions). However, if the decay is slower, the result may change. In particular, in the presence of 3D Coulomb interactions, the electron-electron interaction becomes marginal (instead of irrelevant), in a renormalization group sense [12] . 6) Previous analyses of the Hubbard model on the honeycomb lattice were performed only at a perturbative level, without any control on the convergence of the weak coupling expansion, and directly in the Quantum Field Theory approximation, consisting in the replacement of S 0 (k) by its linear approximation around the Fermi points, see for instance [11] and references therein. 7) In Appendix C we prove that indeed the 2D Hubbard model on a honeycomb lattice is asymptotically described by a QED 2+1 model in the presence of an ultraviolet cutoff, massive "photons" and massless electrons, provided that the bare parameters of the QED 2+1 are carefully chosen to include lattice effects. As a result, the correlations asymptotically verify a modified Ward Identity (WI) related to an approximate local U (1) Lorentz symmetry: note, however, that the renormalized charge velocity appearing in the modified WI for graphene explicitly breaks rotational invariance, contrary to what happens to the Fermi velocity, or to the charge velocity of a pure relativistic QED model.
The proof of the Theorem is based on constructive fermionic Renormalization Group (RG) methods, see [2, 18, 22] for extensive reviews. It is worth remarking that the result summarized in Theorem 1 is one of the few rigorous construction of the ground state properties (including correlations) of a weak coupling 2D Hubbard model. The only other example we are aware of is the Fermi liquid construction in [8] , applicable to cases of weakly interacting 2D Fermi systems with a highly asymmetric interacting Fermi surface. Related results include the construction of the state at temperatures larger than a BCS-like critical temperature [3, 7] , or the computation of the first contribution to the ground state energy in a weak coupling limit [10, 17, 23] .
The rest of the paper will be devoted to the proof of Theorem 1. In Sec. III A we review the Grassmann integral representation for the free energy and the Schwinger functions. In Sec.III B we start to describe the integration procedure leading to the computation of the free energy, and in particular we describe how to integrate out the ultraviolet degrees of freedom. In Sec.III C we complete the proof of convergence of the series for the free energy and the ground state energy. In Sec.III D we describe the proof of convergence for the series for the Schwinger functions, with particular emphasis to the case of the two-point Schwinger function. In the Appendices we provide further details concerning the non-interacting theory, the ultraviolet integration and the equivalence (as far as the long distance behavior is concerned) between the Hubbard model and a massive QED theory in 2+1 dimensions.
III. RENORMALIZATION GROUP ANALYSIS
A. Grassmann Integration
It is well-known that the usual formal power series in U for the partition function and for the Schwinger functions of model (2.1) can be equivalently rewritten in terms of Grassmann functional integrals, defined as follows.
We consider the Grassmann algebra generated by the Grassmannian variables {Ψ 
up to a permutation of the variables. In this case the value of the integral is determined, by using the anticommuting properties of the variables, by the condition
Defining the free propagator matrixĝ k aŝ
and the "Gaussian integration" P (dΨ) as 15) it turns out that
where S 0 (x − y) was defined in (2.5) and the Grassmann fields Ψ ± x,σ are defined by 19) where, in the first line, the symbol dx must be interpreted as 20) and, in the second line, the sums over k, k ′ run over the set D β,L , while the sums over p run over the set 2πβ
is well defined for any U ; it is indeed a polynomial in U , of degree depending on M and L. Standard arguments show that, if there exists the limit of P (dΨ)e −V (Ψ) as M → ∞, then the normalized partition function can be written as
where H 0 is equal to (2.1) with U = 0. A possible way to prove (3.21) is to compare the perturbation theory obtained by expanding in powers of U via Trotter's product formula the trace Tr{e −βHΛ }/Tr{e −βH0 } with the one obtained by expanding in U the Grassmann functional integral, and then show that they are the same, order by order, see [1] . This proof also shows that the correct choice of the interaction (3.19) expressed in Grassmann variables does not include terms bilinear in the fields, contrary to the interaction in second quantized form, see (2.1): in fact, with this choice, in both perturbative expansions the "tadpoles" are exactly vanishing, as required by the condition that the system is at half filling.
Similarly, the Schwinger functions at distinct space-time points, defined in (2.4), can be computed as
Note that the limit x i − x j → 0 and the limit M → ∞ do not commute in general.
In the following we shall study the functional integrals by introducing suitable expansions where the value of M plays no essential role and we shall indeed be able to control such expansions uniformly in M , if U is small enough and that the limit M → ∞ can be taken in the resulting expressions for the free energy and the Schwinger functions. For this reason, from now on we shall not stress anymore the dependence on M , unless for the cases where the presence of a finite M is relevant, e.g., for the analysis of the ultraviolet integration described in Appendix A.
It is important to note that both the Gaussian integration P (dΨ) and the interaction V (Ψ) are invariant under the action of a number of remarkable symmetry transformations, which will be preserved by the subsequent iterative integration procedure and will guarantee the vanishing of some running coupling constants (see below for details). Let us collect in the following lemma all the symmetry properties we will need in the following. Lemma 1. For any choice of M, β, Λ, both the quadratic Grassmann measure P (dΨ) defined in (3.15) and the quartic Grassmann interaction V (Ψ) defined in (3.19) are invariant under the following transformations:
, with R θ = cos θ sin θ − sin θ cos θ and θ ∈ T independent of k; (4) discrete spatial rotations:Ψ
note that in real space this transformation simply reads a
* , where c is a generic constant appearing in P (dΨ) and/or in V (Ψ); (6.a) horizontal reflections:
Proof. A moment's thought shows that the invariance of V (Ψ) under the above symmetries is obvious, and so is the invariance of P (dΨ) under (1)-(2)-(3). Let us then prove the invariance of P (dΨ) under (4)- (5)-(6.a)-(6.b)- (7)- (8) . More precisely, let us consider the term
in (3.15), and let us prove its invariance under the transformations (4)- (5)-(6.a)-(6.b)- (7)- (8) .
Under the transformation (4), the first and fourth term in the second line of (3.23) are obviously invariant, while the sum of the second and third is changed into
Using that v(T −1
, we find that the last line of (3.24) is equal to the sum of the second and third term in (3.23), as desired.
The invariance of (3.23) under the transformation (5) is very simple, if one notes
as it follows by the definition of v( k).
Under the transformation (6.a), the sum of the first and fourth term in the second line of (3.23) is obviously invariant, while the sum of the second and third is changed into
, one sees that this is the same as the sum of the second and third term in (3.23), as desired.
Similarly, noting that v((k 1 , −k 2 )) = v(k), one finds that (3.23) is invariant under the transformation (6.b).
Under the transformation (7), the sum of the first and fourth term in (3.23) is obviously invariant, while the sum of the second and third term is changed into
, we see that the latter sum is the same as the sum of the second and third term in (3.23), as desired.
Finally, under the transformation (8) , all the terms in the right hand side of (3.23) are separately invariant, and the proof of Lemma 1 is concluded.
B. Free energy: The ultraviolet integration
We start by studying the partition function
Note that our lattice model has an intrinsic ultraviolet cut-off in the k variables, while the k 0 variable is unbounded. A preliminary step to our infrared analysis is the integration of the ultraviolet degrees of freedom corresponding to the large values of k 0 . We proceed in the following way. We decompose the free propagatorĝ k into a sum of two propagators supported in the regions of k 0 "large" and "small", respectively. The regions of k 0 large and small are defined in terms of a smooth support function χ 0 (t) which is 1 for t ≤ a 0 and 0 for t ≥ a 0 γ, γ > 1; a 0 is chosen so that the support of χ 0
In order for this condition to be satisfied, it is enough that 2a 0 γ < 4π/(3 √ 3); in the following, for reasons that will become clearer later, we shall assume the slightly more restrictive condition 2a 0 γ < 4π/3 − 4π/(3 √ 3). We define
, so that we can rewriteĝ k as:
We now introduce two independent set of Grassmann fields {Ψ
, and the Gaussian integrations P (dΨ (u.v.) ) and P (dΨ (i.r.) ) defined by
Similarly to P (dΨ), the Gaussian integrations
) also admit an explicit representation analogous to (3.14), withĝ k replaced byĝ (u.v.) (k) orĝ (i.r.) (k) and the sum over k restricted to the values in the support of f u.v. (k) or f i.r. (k), respectively. It easy to verify that the ultraviolet propagator
The definition of Grassmann integration implies the following identity ("addition principle"):
so that we can rewrite the partition function as
where the truncated expectation
and V is fixed by the condition V(0) = 0. It can be shown (see discussion after (3.37) and Appendix B) that V can be written as
where ρ = (ρ 1 , . . . , ρ 2n ) and we used the notation
with b 1 , b 2 a basis of Λ * . The possibility of representing V in the form (3.35), with the kernelsŴ 2n,ρ independent of the spin indices σ i , follows from the symmetries listed in Lemma 1 and from the remark that P (dΨ (u.v.) ) and P (dΨ (i.r.) ) are separately invariant under the same symmetries.
The constant F 0 in (3.33) and the kernelsŴ 2n,ρ in (3.35) are given by power series in U , convergent under the condition |U | ≤ U 0 , for U 0 small enough; after Fourier transform, the x-space counterparts of the kernelsŴ 2n,ρ satisfy the following bounds:
The proof of convergence of the power series defining F 0 and W 2n,ρ , as well as the proof of the bounds (3.37), uses the decay property (3.31) combined with standard fermionic cluster expansion methods. The proof is much simpler than the infrared integration that we shall study below, and is based on similar ideas; see Appendix B for a proof. Note that the decay (3.31) suggests the possibility of a single scale integration of the ultraviolet degrees of freedom. However, the discontinuity of the propagator at x 0 − y 0 = 0 implies thatĝ k does not admit a Gram representation [21] and this fact prevents the direct implementation of a single step fermionic cluster expansion (see next section for the notion of Gram determinant and for a description of the use of Gram determinants in the infrared multiscale integration). A possible way out of this problem is to decompose the ultraviolet propagator as a sum of propagators, each admitting a Gram representation, and to perform a simple multiscale analysis of the ultraviolet problem. This strategy was described many times before in the literature, see for instance [3, 4, 5, 9, 15] ; for completeness, it will be presented in a self-contained form in Appendix B. Recently, a different proof based on a single scale integration step and using improved bounds on determinants associated to "chronological products" was proposed [21] .
It is important for the incoming discussion to note that the symmetries listed in Lemma 1 also imply some non trivial invariance properties of the kernels. We will be particularly interested in the invariance properties of the quadratic partŴ 2,(ρ1,ρ2) (k), which will be used below to show that the structure of the quadratic part of the new effective interaction has the same symmetries as the free integration. The crucial properties that we will need are the following.
Then the following properties are valid:
Remarks. 1) For simplicity, the properties (ii) and (iii) are spelled out only in the zero temperature limit and in the thermodynamic limit; however, as it will be clear from the proof, those properties all have a finite temperature/volume counterpart. 2) Lemma 2 implies that in the vicinity of the Fermi points the kernel W 2,(ρ,ρ ′ ) (k) can be rewritten in the form
for some real constants z 0 , δ 0 , modulo higher order terms in (k 0 , k ′ ). Therefore, it is apparent that its structure is the same as the one ofŜ 0 (k), modulo higher order terms in (k 0 , k ′ ).
Proof. As remarked after (3.36), P (dΨ (u.v.) ) and P (dΨ (i.r.) ) are separately invariant under the symmetry properties listed in Lemma 1. Therefore V(Ψ) is also invariant under the same symmetries, and so is the quadratic part of V(Ψ), that is
Recall that, as assumed in the lines preceding (3.28), the support ofΨ (i.r.) consists of two disjoint regions around p + F and p − F , respectively; in particular, we assumed that 2a 0 γ < 4π/3−4π/(3 √ 3). Under this condition, it is easy to realize that if both k and p+k belong to the support ofΨ (i.r.) , then |p| < 4π/3. As a consequence, in (3.37), the only non zero contributions correspond to the terms with p = 0 (in fact, if p is = 0 and belongs to the support of δ(p), then |p| ≥ 4π/3, which means that either k or k + p is outside the support ofΨ (i.r.) , and the corresponding term in the sum is identically zero). This means that the sum
is invariant under the symmetries (1)- (7) listed in Lemma 1. Invariance under symmetry (4) implies that:
invariance under (5) implies that:
invariance under (6.a) implies that:
invariance under (6.b) implies that:
invariance under (7) implies that:
Finally, invariance under (8) implies that:
Now, combining the first of (3.44), the second of (3.45) and the second of (3.46), we find that W aa (k) = W bb (k). Combining the third of (3.43), the third of (3.46) and the last of (3.47), we find that W ab (k) = W ba (k)
* . This concludes the proof of item (i).
The first of (3.47) implies that, as β → ∞, W aa (0, k) = 0, and this proves, in particular, that W aa (0, p ω F ) = 0 and that, in the limit |Λ| → ∞,
Using that p ω F is invariant under the action of T 1 , we see that the third of (3.42) implies
iωπ/3 = 1, this identity proves, in particular, that W ab (0, p ω F ) = 0, and ∂ k0 W ab (0, p ω F ) = 0. This concludes the proof of item (ii). Now, combining the first of (3.43) with the first of (3.46), we find that
, modulo higher order terms in k ′ . Using that
in the third of (3.42), we find that
which implies α
Moreover, using the third of (3.43) we find that α
i ) * , and using the third of (3.45) we find that α
* , and we see that α ω 2 is real and odd in ω, that is α ω 2 = ωa, for some real constant a. Therefore, α ω 1 = −iωα ω 2 = −ia, and this concludes the proof of item (iii).
C. Free energy: The infrared integration
Multiscale analysis. In order to compute (3.33) we shall proceed in an iterative fashion, using standard functional Renormalization Group methods [2, 13, 18] . As a starting point, it is convenient to decompose the infrared propagator as:
as a sum of two independent Grassmann fields:
and we rewrite (3.33) in the form:
where
is rewritten as in (3.51), i.e.,
,σj ,ρ2j−1,ω2j−1Ψ
3) the kernels W (0) 2n,ρ,ω (x 1 , . . . , x 2n ) are defined as:
Moreover, P χ0,A0 (dΨ (≤0) ) is defined as
It is apparent that the Ψ (≤0) field has zero mass (i.e., its propagator decays polynomially at large distances in x-space). Therefore, its integration requires an infrared multiscale analysis. We consider the scaling parameter γ > 1 introduced above, see the lines preceding (3.28), and we define a sequence of geometrically decreasing momentum scales γ h , h = 0, −1, −2, . . .
Correspondingly we introduce compact support functions
The purpose is to perform the integration of (3.52) in an iterative way. We step by step decompose the propagator into a sum of two propagators, the first supported on momenta ∼ γ h , h ≤ 0, the second supported on momenta smaller than γ h . Correspondingly we rewrite the Grassmann field as a sum of two independent fields: Ψ (≤h) = Ψ (h) + Ψ (≤h−1) and we integrate the field Ψ (h) . In this way we inductively prove that, for any h ≤ 0, (3.52) can be rewritten as
is defined in the same way as P χ0,A0 (dΨ (≤0) ) with Ψ (≤0) , χ 0 , A 0,ω , ζ 0 , c 0 , s 0 , t 0,ω replaced by Ψ (≤h) , χ h , A h,ω , ζ h , c h , s h , t h,ω , respectively. Moreover V (h) (0) = 0 and
Note that the field Ψ (≤h)
, has the same support as χ h , that is on a neighborood of size γ h around the singularity k ′ = 0 (that, in the original variables, corresponds to the Dirac point k = p ω F ). It is important for the following to thinkŴ (h) 2n,ρ,ω , h ≤ 0, as functions of the variables {ζ k , c k } h<k≤0 . The iterative construction below will inductively imply that the dependence on these variables is well defined.
The iteration will continue up to the scale h β , where h β is the largest scale such that
where a 0 is the constant appearing in the definition of χ 0 (|k ′ |). By the properties of ζ h that will be described and proved below, it will turn out that h β is finite and larger than log γ π 2a0β . The result of the last iteration will be Ξ β,L , i.e., the value of the partition function.
Localization and renormalization. In order to inductively prove (3.57) we write
and RV (h) is given by (3.58) with
, that is it contains only the monomials with more than four fields.
Note that in (3.61) the ω-index of the Ψ fields is the same; this follows from the fact that in the terms with different ω's the momenta verify k
for some choice of n 1 , n 2 , and such a condition cannot be verified if k Remark. The fact that the quadratic terms with different ω's, i.e., the one particle umklapp processes, do not contribute to the infrared effective potential is a crucial fact, which reduces the number of relevant running coupling constants and, in particular, tells us that the interaction does not generate mass terms. Note, in fact, that the presence of one particle umklapp terms with a non zero contribution at the Fermi points could produce an exponential decay of the interacting correlations.
The symmetries of the action, listed in Lemma 1, which are preserved by the iterative integration procedure, imply that, in the zero temperature and thermodynamic limit,Ŵ (h) 2,ρ,(ω,ω) (0) = 0 and
for suitable real constants z h , δ h . The proof of (3.62) is completely analogous to the proof of Lemma 2 and will not be repeated here. Once that the above definitions are given, we can describe our iterative integration procedure for h ≤ 0. We start from (3.57) and we rewrite it as
with
Then we include LV (h) in the fermionic integration, so obtaining
where e h is a constant that takes into account the change in the normalization factor of the measure and
with:
Now we can perform the integration of the Ψ (h) field. We rewrite the Grassmann field Ψ
as a sum of two independent Grassmann fields Ψ (≤h−1) + Ψ (h) and correspondingly we rewrite (3.65) as
The single scale propagator is
After the integration of the field on scale h we are left with an integral involving the fields Ψ (≤h−1) and the new effective interaction V (h−1) , defined as
It is easy to see that V (h−1) is of the form (3.58) and that F h−1 = F h + e h + e h . It is sufficient to use the well known identity
ω , which is the analogue of (3.34) with Ψ (u.v.) replaced by Ψ (h) and with P (dΨ (u.v.) ) replaced by P f
Note that the above procedure allows us to write the effective renormalizations
, where β h is the so-called Beta function.
Tree expansion for the effective potentials. An iterative implementation of (3.74) leads to a representation of V (h) (Ψ (≤h) ) in terms of a tree expansion, defined as follows.
A tree τ ∈ T h,n with its scale labels.
1) Let us consider the family of all trees which can be constructed by joining a point r, the root, with an ordered set of n ≥ 1 points, the endpoints of the unlabeled tree, so that r is not a branching point. n will be called the order of the unlabeled tree and the branching points will be called the non trivial vertices. The unlabeled trees are partially ordered from the root to the endpoints in the natural way; we shall use the symbol < to denote the partial order. Two unlabeled trees are identified if they can be superposed by a suitable continuous deformation, so that the endpoints with the same index coincide. It is then easy to see that the number of unlabeled trees with n end-points is bounded by 4 n . We shall also consider the labelled trees (to be called simply trees in the following); they are defined by associating some labels with the unlabelled trees, as explained in the following items. 2) We associate a label h ≤ −1 with the root and we denote T h,n the corresponding set of labeled trees with n endpoints. Moreover, we introduce a family of vertical lines, labeled by an integer taking values in [h, 1], and we represent any tree τ ∈ T h,n so that, if v is an endpoint or a non trivial vertex, it is contained in a vertical line with index h v > h, to be called the scale of v, while the root r is on the line with index h. In general, the tree will intersect the vertical lines in set of points different from the root, the endpoints and the branching points; these points will be called trivial vertices. The set of the vertices will be the union of the endpoints, of the trivial vertices and of the non trivial vertices; note that the root is not a vertex. Every vertex v of a tree will be associated to its scale label h v , defined, as above, as the label of the vertical line whom v belongs to. Note that, if v 1 and v 2 are two vertices and v 1 < v 2 , then h v1 < h v2 .
3) There is only one vertex immediately following the root, which will be denoted v 0 and cannot be an endpoint; its scale is h + 1. 4) Given a vertex v of τ ∈ T h,n that is not an endpoint, we can consider the subtrees of τ with root v, which correspond to the connected components of the restriction of τ to the vertices w ≥ v. If a subtree with root v contains only v and an endpoint on scale h v + 1, it will be called a trivial subtree. 5) With each endpoint v we associate one of the monomials with four or more Grassmann fields contributing to RV (0) (Ψ (≤hv−1) ), corresponding to the terms with n ≥ 2 in the r.h.s. of (3.53) (with Ψ (≤0) replaced by Ψ (≤hv−1) ) and a set x v of space-time points (the corresponding integration variables in the x-space representation). 6) We introduce a field label f to distinguish the field variables appearing in the terms associated with the endpoints as in item 3); the set of field labels associated with the endpoint v will be called I v ; note that |I v | is the order of the monomial contributing to V (0) (Ψ (≤hv−1) ) and associated to v. Analogously, if v is not an endpoint, we shall call I v the set of field labels associated with the endpoints following the vertex v; x(f ), ε(f ), σ(f ), ρ(f ) and ω(f ) will denote the space-time point, the ε index, the σ index, the ρ index and the ω index, respectively, of the Grassmann field variable with label f .
In terms of these trees, the effective potential V (h) , h ≤ −1, can be written as 
) if the subtree τ i contains more than one end-point, or if it contains one end-point but it is not a trivial subtree; it is equal to
is a trivial subtree. Using its inductive definition, the right hand side of (3.75) can be further expanded, and in order to describe the resulting expansion we need some more definitions.
We associate with any vertex v of the tree a subset P v of I v , the external fields of v. These subsets must satisfy various constraints. First of all, if v is not an endpoint and v 1 , . . . , v sv are the s v ≥ 1 vertices immediately following it, then P v ⊆ ∪ i P vi ; if v is an endpoint, P v = I v . If v is not an endpoint, we shall denote by Q vi the intersection of P v and P vi ; this definition implies that P v = ∪ i Q vi . The union I v of the subsets P vi \ Q vi is, by definition, the set of the internal fields of v, and is non empty if s v > 1. Given τ ∈ T h,n , there are many possible choices of the subsets P v , v ∈ τ , compatible with all the constraints. We shall denote P τ the family of all these choices and P the elements of P τ .
With these definitions, we can rewrite V (h) (τ, Ψ (≤h) ) in the r.h.s. of (3.75) as:
and K (h+1) τ,P (x v0 ) is defined inductively by the equation, valid for any v ∈ τ which is not an endpoint,
where Ψ (hv) (P vi \ Q vi ) has a definition similar to (3.78). Moreover, if v i is an endpoint
is equal to one of the kernels of the monomials contributing to RV (0) (Ψ (≤hv) ), corresponding to the terms with n ≥ 2 in the r.h.s. of (3.53) (with Ψ (≤0) replaced by Ψ (≤hv) );
τi,Pi , where P i = {P w , w ∈ τ i }. (3.75)-(3.79) is not the final form of our expansion; we further decompose V (h) (τ, P), by using the following representation of the truncated expectation in the r.h.s. of (3.79). Let us put s = s v , P i ≡ P vi \Q vi ; moreover we order in an arbitrary way the sets P ± i ≡ {f ∈ P i , ε(f ) = ±}, we call f ± ij their elements and we define
will be called a line joining the fields with labels f
, connecting the points x l ≡ x ij and y l ≡ y i ′ j ′ , the endpoints of l. Moreover, if ω
Then, we use the Brydges-BattleFederbush formula (e.g., see [13, 18] ) saying that, up to a sign, if s > 1,
80) where T is a set of lines forming an anchored tree graph between the clusters of points x (i) ∪y (i) , that is T is a set of lines, which becomes a tree graph if one identifies all the points in the same cluster.
is a probability measure with support on a set of t such that t ii ′ = u i · u i ′ for some family of vectors u i ∈ R s of unit norm. Finally G h,T (t) is a (n − s + 1) × (n − s + 1) matrix, whose elements are given by
with (f
In the following we shall use (3.78) even for s = 1, when T is empty, by interpreting the r.h.s. as equal to 1, if |P 1 | = 0, otherwise as equal to det
Remark. It is crucial to note that G h,T is a Gram matrix, i.e., defining e + = e ↑ = (1, 0) and e − = e ↓ = (0, 1), the matrix elements in (3.81) can be written in terms of scalar products:
The symbol (·, ·) denotes the inner product, i.e., 3.84) and the vectors f α , g β with α, β = 1, . . . , n − s + 1 are implicitely defined by (3.82). The usefulness of the representation (3.82) is that, by the Gram-Hadamard inequality (see, e.g., [13] ), | det(f α , g β )| ≤ α ||f α || ||g α ||. In our case, ||f α || ≤ Cγ 3h/2 and ||g α || ≤ Cγ h/2 . Therefore, ||f α || ||g α || ≤ Cγ 2h , uniformly in α, so that the Gram determinant can be bounded by C n−s+1 γ 2h(n−s+1) .
If we apply the expansion (3.80) in each vertex of τ different from the endpoints, we get an expression of the form
where T is a special family of graphs on the set of points x v0 , obtained by putting together an anchored tree graph T v for each non trivial vertex v. Note that any graph T ∈ T becomes a tree graph on x v0 , if one identifies all the points in the sets x v , with v an endpoint. Given τ ∈ T h,n and the labels P, T , calling v * i , . . . , v * n the endpoints of τ and putting
Analyticity of the effective potentials. The tree expansion described above allows us to express the effective potential V (h) in terms of the running coupling constants ζ h , c h and of the renormalization functions σ k (k), t k,ω (k).
The next goal will be the proof of the following result.
Theorem 2. There exists a constants
, are analytic functions of U , satisfying, for any 0 ≤ θ < 1 and a suitable constant C > 0, the following estimates:
Moreover, the constants e h and e h defined by (3.68) and (3.73) are also analytic functions of U in the domain |U | ≤ U 0 , and there they satisfy the estimate |e h | + |e h | ≤ CU 0 γ h(3+θ) .
Remark. The above result immediately implies the analyticity of the specific free energy f β (U ) and of its zero temperature limit e(U ), i.e., of the specific ground state energy. In fact, by construction, f β (U ) = F 0 + 0 h=h β (e h + e h ), with F 0 an analytic function of U , see the discussion after (3.36) and in Appendix B. Therefore, Theorem 2 implies the part of the statement of Theorem 1 concerning the free energy and the ground state energy. For the proof of analyticity of the Schwinger functions, see next Section.
Proof of Theorem 2. Let us preliminarily assume that, for h ≤ −1, and for suitable constants c, c n , the corrections z h , δ h , σ h (k ′ ) and τ h (k ′ ) defined in (3.62) and (3.64), satisfy the following estimates:
Using (3.88) we inductively see that the running coupling functions ζ h , c h , s h (k ′ ) and t h (k ′ ) satisfy similar estimates:
Now, using the definition of g (h)
ω , see (3.72) and (3.66), we get, after integration by parts, for any N ≥ 0,
where n = n 0 + n 1 + n 2 ≥ 0 and C N,n is a suitable constant. Using the tree expansion described above and, in particular, Eqs.(3.75), (3.77), (3.85) and (3.86), we find that the l.h.s. of (3.87) can be bounded from above by
where ||·|| is the spectral norm and where T * is a tree graph obtained from T = ∪ v T v , by adding in a suitable (obvious) way, for each endpoint v * i , i = 1, . . . , n, one or more lines connecting the space-time points belonging to x v * i . A standard application of Gram-Hadamard inequality, combined with the dimensional bound on g (h)
ω (x) given by (3.90), see the remark after (3.81), implies that
By the decay properties of g
ω (x) given by (3.90), it also follows that v not e.p.
The bound (3.37) on the kernels produced by the ultraviolet integration implies that
Combining the previous bounds, we find that (3.91) can be bounded above by
Let us define n(v) = i:v * i >v 1 as the number of endpoints following v on τ and v ′ as the vertex immediately preceding v on τ . Recalling that |I v | is the number of field labels associated to the endpoints following v on τ (note that |I v | ≥ 4n(v)) and using that
v not e.p.
we find that (3.95) can be bounded above by
Finally, letn(v) be the number of endpoints following v but not following any of the vertices w > v and letp(v) be the number of field labels associated to endpoints following v but not following any of the vertices w > v. Using the identities γ hn v not e.p.
we obtain
v not e.p. 100) with h * the highest scale label of the tree. Now, note that the number of terms in T ∈T can be bounded by C n v not e.p. s v !. Using also that |P v | − 3 ≥ 1 and |P v | − 3 ≥ |P v |/4, we find that the l.h.s. of (3.99) can be bounded as
Now, the sum over P can be bounded using the following combinatorial inequality (see for instance §A6.1 of [13] ): let {p v , v ∈ τ }, with τ ∈ T h,n , a set of integers such that p v ≤ sv i=1 p vi for all v ∈ τ which are not endpoints; then, if α > 0,
This implies that
Finally, using that γ h * v not e.p. γ −θ(hv−h v ′ ) ≤ γ θh , and that, for 0 < θ < 1,
as it follows by the fact that the number of non trivial vertices in τ is smaller than n − 1 and that the number of trees in T h,n is bounded by const n , and collecting all the previous bounds, we obtain
which is the desired result. It remains to prove the assumption (3.88). We proceed by induction. The assumption is valid for h = 0, as it follows by (3.37) and by the discussion in Appendix B. Now, assume that (3.88) is valid for all h ≥ k + 1, and let us prove it for k − 1. The functions −iz
and sup
104) The same proof leading to (3.102) shows that the r.h.s. of (3.103) can be bounded by the r.h.s. of (3.102) times γ −k (that is the dimensional estimate for |x − y|), and that the r.h.s. of (3.103) can be bounded by the r.h.s. of (3.102) times γ 2k γ −(n+2)k (where γ −k(n+2) is the dimensional estimate for |x − y| n+2 ). This concludes the proof of Theorem 2.
D. The two point Schwinger function
In this section we describe how to modify the expansion for the free energy described in previous sections in order to compute the Schwinger functions at distinct space-time points. For simplicity, we shall restrict our attention to the case of the two point Schwinger function. The general case can be worked out along the same lines.
The Schwinger functions can be derived from the generating function defined as
where summation over repeated indices is understood and the variables φ 
We start by studying the generating function and, in analogy with the procedure described before, we begin by decomposing the field Ψ in an ultraviolet and an infrared component:
variables, and after rewriting φ
x,σ,ρ , we get:
where S (≥0) (φ) (chosen in such a way that S (≥0) (0) = 0) collects the terms depending on φ but not on Ψ (≤0) and B (0) (Ψ (≤0) , φ) the terms depending both on φ and Ψ (≤0) generated by the ultraviolet integration.
Proceeding as in Section III C, we inductively show (see below for details) that, if h ≤ 0, e W(φ) can be rewritten as:
where: dk ′ must be interpreted as equal to (β|Λ|)
containing the terms of third or higher order in φ and
2,ρ,ω is the kernel of LV (h) , as defined in (3.61). In (3.110),ĝ
ω is defined aŝ
Note that, by the compact support properties ofĝ
and, therefore, proceeding by induction, we see that on the support ofĝ
In order to derive (3.112), we used Theorem 2 and the decay bounds (3.90). Using (3.112), the definition (3.110) and the decay bounds (3.90), we find that
Let us now prove (3.108). We proceed by induction. For h = 0 (3.108) is clearly true (it coincides with (3.107)). Assuming inductively that the representation (3.108) is valid up to a certain value of h < 0, we can show that the same representation is valid for h − 1. In fact, we can rewrite the term V (h) in the exponent of (3.108) as
, as in (3.60), and we can "absorb" LV (h) in the fermionic integration, as explained in Section III C, see (3.63)-(3.65). Similarly we rewrite
This rewriting induces a decomposition of the first line of (3.109) into two pieces, the first proportional to W (h) 2 , the second identical to the first line of (3.109) itself, with V (h) replaced by RV (h) , that we will call RB (h) φ (Ψ (≤h) ). We choose to "absorb" the term proportional to
into the definition of Q (h) , and this gives the recursion relation (3.111). Moreover, note that combining RB
we find:
with W (h)
R,1 . After these splittings and redefinitions, we can rewrite (3.108) as
Integrating the field Ψ (h) , we get the analogue of (3.73):
with G (h) defined by the recursion relation (3.110) and
a term of third or higher order in φ. Eq.(3.117) can be proved by making use of a formal change of Grassmann variableŝ Ψ
k ′φk ′ , as described in Ch.4 of [2] . At this point it is straightforward to check that the final expression for e W(φ) that we end up with is given by the r.h.s. of (3.108), with h replaced by h − 1, and the inductive assumption is proved.
From the definitions and the construction above, we get
Analyticity of S ρ,ρ ′ (x − y) follows from this representation and the results of Theorem 2. Concerning the representation (2.10), let us take the Fourier transform of S ω,ρ,ρ ′ (x − y). If we define h k = min{h :ĝ
which readily implies (2.10): in fact, using the explicit expression of g (h) ω and the inductive bounds on Q (h) , see (3.112) , it is easy to see that the term in the first line of (3.119) can be written as in (2.10) and that their only singularity is located at k ′ = 0.
The contributions from the second line can be bounded using the bounds on W (h) 2 proved in Theorem 2, and we find that they can be bounded by C|U |γ h k ′ (−1+θ) , which means that they only contribute to the error term appearing in (2.10). This also implies that no other singularity, besides the one at the Fermi points, can be produced by such terms.
Finally, if k does not belong to the support of Ψ (≤0) , we can writê
with W 2,ρ defined by (3.35) . The bounds discussed in Section III B and Appendix B imply that
ρ,ρ ′ (x − y) decays faster than any power, so that no singularity can appear in its Fourier transform.
A similar expansion can be obtained for higher order Schwinger functions, but we will not belabor the details here. This concludes the proof of Theorem 1.
APPENDIX A: THE NON-INTERACTING THEORY
In this Appendix we give some details about the computation of the Schwinger functions of the non interacting theory, i.e., of model (2.1) with U = 0. In this case the Hamiltonian of interest reduces to
defined as in items (1)- (4) after (2.1). First of all, let us remind that, being H 0,Λ quadratic, the 2n-point Schwinger functions satisfy the Wick rule, i.e.,
Moreover, every n-point Schwinger function S β,Λ n (x 1 , ε 1 , σ 1 , ρ 1 ; . . . ; x n , ε n , σ n , ρ n ) with n i=1 ε i = 0 is identically zero. Therefore, in order to construct the whole set of Schwinger functions of H 0,Λ , it is enough to compute the 2-point function S
and in order to do this, it is convenient to first diagonalize H 0,Λ . Let us proceed as follows.
We identify Λ with the set of vectors in a fundamental cell, and we write
with a 1 = which gives
We call D L the set of quasi-momenta k of the form
identified modulo Λ * ; this means that D L can be identified with the vectors k of the form (2.2) and restricted to the first Brillouin zone:
Given a periodic function f : Λ → R, its Fourier transform is defined as
which can be inverted intof
where we used the identity x∈Λ e i k x = |Λ|δ k, 0 (A.10) and δ is the periodic Kronecker delta function over Λ * . We now associate to the set of creation/annihilation operators a ± x,σ , b ± x+ δi,σ the corresponding set of operators in momentum space:
Note that, using (A.8)-(A.10), we find that .12) are fermionic creation/annihilation operators satisfying .13) and {a
With these definitions, we can rewrite
The Hamiltonian H 0,Λ can be diagonalized by introducing the fermionic operatorŝ 16) in terms of which we can re-write
Now, for x ∈ Λ, we define α .21 ) and (A.22) are defined only for −β < x 0 − y 0 ≤ β, but we can extend them periodically over the whole real axis; the periodic extension of the propagator is continuous in the time variable for x 0 − y 0 ∈ βZ, and it has jump discontinuities at the points x 0 − y 0 ∈ βZ. Note that at x 0 − y 0 = βn, the difference between the right and left limits is equal to (−1) n δ x, y , so that the propagator is discontinuous only at x − y = βZ × 0. For x − y ∈ βZ × 0, we can write
Note indeed that for x 0 − y 0 ∈ βZ the sums over k 0 in (A.22) are convergent, uniformly in M ; if x 0 − y 0 = βn and x = y, the r.h.s. of (A.22) is equal to
A similar remark is valid for T{β .25) so that the diagonal part is vanishing; on the contrary, using (A.16) and the fact that α
and this explains why there are no quadratic terms in V (Ψ), see (3.19) .
APPENDIX B: THE ULTRAVIOLET INTEGRATION
In order to prove Eq.(3.35)-(3.37), a simple application of (3.80) and determinant bounds is not enough, because g (u.v.) (x) does not admit a Gram representation, which is a key property needed for the implementation of standard fermionic cluster expansion methods. As mentioned in Section III B, a way out of this problem is to decompose the ultraviolet propagator into a sum of propagators, each admitting a Gram representation, and performing a simple multiscale analysis of the ultraviolet problem, in analogy with the standard strategy for ultraviolet problems in fermionic Quantum Field Theories [9, 15] . This multiscale analysis is very similar to (but much simpler than) the one describe in Section III C; it has been performed in several previous papers [3, 4, 5] and it is reported here for completeness.
Let M be the integer introduced after (2.6), and let us write
. Note that g (h) (0) = 0 and, for any integer K ≥ 0, g (h) (x) satisfies the bound
where | · | β is the distance from the origin on the one dimensional torus of size β, while | · | Λ is the distance on Λ. Moreover, g (h) (x) admits a Gram representation:
and
for a suitable constant C. Our goal is to compute
where P (dΨ [1,hM ] ) is the fermionic "Gaussian integration" associated with the propagator hM h=1ĝ
(h) (k) (i.e., it is the same as P (dΨ (u.v.) )). We perform the integration of (B.6) in an iterative fashion, analogous to the procedure described in Section III C for the infrared integration. We can inductively prove the analogue of (3.57), i.e.,
where P (dΨ [1,h] ) is the fermionic "Gaussian integration" associated with the propagator h h=1ĝ
(h) (k) and
(B.8) In order to inductively prove (B.7)-(B.8) we simply use the addition principle to rewrite
(B.9) where P (dΨ (h) ) is the fermionic Gaussian integration with propagatorĝ (h) (k). After the integration of Ψ (h) ) we define
which proves (B.7). In analogy with (3.74) we have
As described in Section III C, the iterative action of E T hi can be conveniently represented in terms of trees τ ∈ T M;h,n , where T M;h,n is a set of labelled trees, completely analogous to the set T h,n described before Eq.(3.75), unless for the following modifications:
1. a tree τ ∈ T M;h,n has vertices v associated with scale labels h + 1 ≤ h v ≤ h M + 1, while the root r has scale h;
2. with each end-point v we associate V (Ψ [1,hM ] ), with V (Ψ) defined in (3.19) .
In terms of these trees, the effective potential
) identified with V(Ψ (i.r.) )), can be written as
where, if v 0 is the first vertex of τ and τ 1 , . . . , τ s (s = s v0 ) are the subtrees of τ with root v 0 , V (h) (τ, Ψ [1,h] ) is defined inductively as follows:
if the subtree τ i contains more than one end-point, or if it contains one end-point but it is not a trivial subtree; it is equal to V (Ψ [1,h+1] ) if τ i is a trivial subtree;
Note that, with V (Ψ) defined as in (3.19) and with the present choice of the ultraviolet cutoff (such that g (h) (0) = 0), we get E
A tree τ ∈ T M ;h,n with its scale labels.
As in the proof of Theorem 2, we get the bound
and, using the analogues of the estimates (3.92), (3.93) and (3.94), taking into account the new scaling of the propagator, we find that (B.17) can be bounded above by
Using (3.96) we find that the latter expression can be rewritten as
where we remind the reader that n(v) > 1 for any τ ∈ T M;h,n . Performing the sums over T, P and τ as in the proof of Theorem 2, we finally find
which is a special case of (3.37). The proof of the general case is completely analogous.
APPENDIX C: GRAPHENE AS ASYMPTOTIC INFRARED MASSIVE QED2+1
In this Appendix we describe the relation between 2D graphene and a regularized version of euclidean QED 2+1 with a massive photon, massless dirac fermions and an ultraviolet cut-off. Let us first introduce the model of regularized QED 2+1 and let us next describe its connections with the graphene model described in this paper.
We consider the following generating function for euclidean QED 2+1 :
1. if c is the speed of light, dx is a shorthand for a 3 c
x∈Λa , a is the lattice spacing and Λ a is a periodic lattice of side Lc −1 in the time direction, of side L in the two spatial directions, and with sites labelled by x 0 = n 0 ac −1 , x = na, with La −1 integer and n µ = 0, . . . , La −1 − 1, µ = 0, 1, 2;
2. summation over repeated indices µ = 0, 1, 2 is understood;
3. e 0 is a constant, J µ and φ are the external fields, and γ µ are euclidean gamma matrices, satisfying {γ µ , γ ν } = −2δ µν , and defined as The four dimensional version of the above model was studied in [19] by RG methods; the analysis (that can be repeated for the three dimensional model considered here without any relevant difference) is essentially identical to the one described in this paper for the 2D Hubbard model. . G(x−y) will play the same role as the correlation ψ xψy defined in (C.15), in a sense to be made precise below. Similarly, the role of j µ,z ; ψ xψy will be played by the correlation S 2,1;µ (z; x, y), µ = 0, 1, 2, defined as where the first term is asymptotically negligible with respect to the last two for large distances. The terms S + 2,1;µ (z; x, y) and S − 2,1;µ (z; x, y) correspond to contributions to the correlation function coming from the infrared integration, whose computation requires, as in Sections III C and III D, the decomposition of the infrared field into the sum of quasi-particle fields indexed by ω = ± and supported, in momentum space, around the two different Fermi points p ω F . By the compact support properties of the infrared fields, in the terms contributing to S ± 2,1;µ (z; x, y), the quasi-particle indeces corresponding to the fields located at z are the same, and will be denoted by ω z ; similarly, the quasi-particle indeces corresponding to the fields located at x and y are the same, and will be denoted by ω xy . Finally, S + 2,1;µ (z; x, y) is defined as the sum of all the contributions such that ω z = ω xy , while S (C.21) It is clear from the multiscale construction of these correlation functions that, with a proper choice of the parameters, such matrices are asymptotically close to the Schwinger function of the QED 2+1 model seen above, as explained by the following theorem, which is, in fact, a corollary of the analysis in the previous sections and of a finite dimensional fixed point argument. Theorem 3 says that, by choosing the wave function renormalization and the velocity of light in the QED model as suitable functions of U , e 0 , M and v(0), its two point Schwinger functions coincide with the ones of the Hubbard model, up to corrections which are negligible at small momenta. With this choice of Z and c, the vertex functions of QED 2+1 are asymptotically proportional to those of the Hubbard model, provided that the renormalizations Z µ are properly chosen. Note that, while in a relativistic QFT Z µ is µ-independent, here it is not [14] , the symmetry (9') being broken by the underlying lattice; however, one can check, by arguments similar to the ones used in the proof of Lemma 2, that the lattice symmetries imply that the renormalizations Z µ are still diagonal in µ: note, in fact, that in principle the r.h.s. of (C.23) could be of the form ν Z µ,ν j ν p ; ψ kψk+p (1 + O(γ θh )) , but, remarkably, Z µ,ν turns out to be diagonal. Theorem 3 implies that the Schwinger functions of the 2D Hubbard model on the honeycomb lattice obey to a Ward Identity analogous to (C.12), as it follows by combining (C.12) with (C.22)-(C.23), see [14] . This is true not only in the free case U = 0 (in which case the WI can be verified by a simple explicit computation) but also, remarkably, in the interacting case. Note that, with respect to the WI for QED, the WI for the Hubbard model is modified by the presence of some proportionality constants, which take into account both the relativistic renormalization of the charge and the fact that the Hubbard model breaks some relativistic symmetries.
Let us conclude by remarking that, while here the WI can be proved a posteriori of the construction of the correlation functions, in the presence of Coulomb interactions the validity of an analogous WI is believed to play a crucial role in the construction of the model itself, as in one dimension [18] : in fact, in that case, the interparticle interaction becomes marginal in a RG sense [11] and the presence of WIs is a key ingredient in the control of the flow of the beta function equation, as in QED or in the Luttinger model.
